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OLEHKA HOPMbI MPOU3BOJTHOMI KOMH.JIEKCHO3H§‘IHOI71 OYHKIINN
C BBITYKJIOU OBJIACTBIO U3SMEHEHUA ITPOU3BOJHOU BTOPOT' O INTOPA/IKA

Annotanmusi. B Teopun npuOmmkeHns (yHKIMH €CTh HEMAJIO PE3yIbTaTOB, CBSI3AHHBIX C TAK HA3BIBACMBIMHU
TECOpPEMaMH CPAaBHEHHUSI M HEPABEHCTBAMHE U1 NMPOM3BOTHBIX HA PA3IMYHBIX KiIaccax mau(pepeHmupyeMbIx (QyHK-
muid. B manmpHeHmem Oyaem paccMaTpuBath Kiace auddepeHImpyeMbIXx (ZYHKIMHA C aOCONMFOTHO HENPEPBHIBHOM
MPOU3BOJHON HA JTFOOOM OTPE3KE MPAMOH W CYIICCTBCHHO OTPAHINMCHHOW MPOHM3BOAHOM CTapIiIero mopagka. B cra-
Tb¢ [1] HAMHU OBLTH TAHBI OUCHKH OBICTPOICHCTBHA ACHCTBUTCIBHBIX TH(D)ECPCHIUPYCSMBIX (DYHKIHH C HECHMMET-
PUMHBIME OTPAHHUCHISIMA HA BTOPYIO MPOM3BOIHYI0. 3aTEM B CTaThe [2] MOIMyHCHHBIC Pe3yIbTaThl OBLIH Pacpo-
CTpaHEHbI HA KJIACC KOMIUICKCHO3HAYHBIX Au((hepeHImpyeMbIX PYHKINH ¢ HECHMMETPHIHBIMH OTPAHHUCHAUSIMHE HA
BTOPYIO IIPOM3BOJHYIO. BBIIT paccMOTpeH Cirydai, KOraa 00JacThi0 H3MECHECHUS IIPOU3BOIHON BTOPOTO TOPSIIKA SIB-
JBIETCS JIIMIC, OJUH U3 (POKYCOB KOTOPOTO HAXOAUTCH B Havdase KoopauHaT. Clexyer OTMETHTb, UTO 33/1a4a OLCH-
KU OBICTPOACHCTBHUS ACHCTBHTEIBHBIX WIIM KOMIDICKCHO3HAYHBIX (DYHKIHMIT TECHO CBSA3aHA C 3a7adci OLCHKH HOPM
TIPOM3BOIHBIX TAKHX (PyHKIMH. OKA3aJI0Ch, UTO B 3TOM CIIyIac HOPMY NMPOM3BOIHON OTPAHHYCHHOI ITO HOPME KOM-
TUIEKCHO3ZHAYHOM (DYHKIMHM MOXKHO OIICHUTBH YEpe3 CIUIAMHBI BepHym, KoTophic OBUIM MCIONB30BAHEL B [5], mimn
craitasr Jiepa [3]. B gaHHOH cTaThe MOMyUYeHA ABYCTOPOHHSI OLCHKA HOPMBI MPOW3BOJHOH KOMITJICKCHO3HAY-
HOH mu(pepeHIupyeMOi (PYHKIMHA C HECHMMETPHYHBIMH OTPAHHYCHISIMH HA ITPOM3BOJHYIO BTOPOTO TOPSAKA, a
HMCHHO, PACCMOTPEH CIIy4ai, KOraa 0OIAcThE0 M3MCHEHMS IPOM3BOAHOW BTOPOTO MOPAIKA SIBISICTCS HEKOTOPOC
BBIITYKJIOC MHOKECTBO KOMITICKCHOH IUIOCKOCTH. ECH B 3T0 MHOKECTBO BIIMCATh HEKOTOPBIH JLTHIIC, OTUH U3 (o-
KYCOB KOTOPOTrO HAXOAUTCA B HA4ajJe KOOPAMHAT, M OMHCATh BOKPYT 3TOr0 MHOKECTBA APYTOH TAKOH 3JUIHIC, TO
MOYKHO TIOJYYHTH JABYCTOPOHHIOIO OLCHKY HOPMBI MPOM3BOJIHON OTPAHMYCHHON KOMIUICKCHO3HAYHOH (yHKumm. B
CBSI3W C 3THM BO3ZHHKACT 3371312 HAXOXKICHHUS 3JUTUIICOB, HAMIYYIIAM 00pa30M OXBATHIBAOIIUX TPAHHUILY 33JAHHOTO
BBIMYKJIOT0 MHOKECTBA. I MOyYEHUA TAKOTO HAWIYYIIETO BIMCAHHOIO 3J/UIMICA MOKHO HCIOJNB30BATh B KAue-
CTBE KPUTEPHUSI MAKCHMH3ALNIO OOJIBINON MOXYOCH M MUHHMH3ALMIO PACCTOSHIA OT HA4ajJa KOOPIMHAT 10 (okyca.
JUI1 MONyYeHUs HAWIYYINCTO OMHCAHHOTO JJUIMICA MOJKHO HCIIONB30BATh B KAYECTBE KPUTEPHA MHUHUMH3ALMIO
601pIO} MOMYOCH M MAKCHMHU3AIIMIO PACCTOSHILI OT HAYaJIa KoopauHaT 10 (okyca. Permenne Tako# 3ama4m mo3Bo-
JUT MHUHUMH3UPOBATH PA3HUIY MEKAY BEPXHEH M HIDKHEH OLCHKOM HOPMBI MPOM3BOJHOHW. B HacTodmel craTbe
JBYCTOPOHHSISI OLICHKA HOPMBI MPOWU3BOJHOH OTPAHWYCHHOM KOMIUICKCHO3HAYHOH (DYHKIMH ITTOIYYCHA B IPEATO-
JO’KCHHUH, YTO OTHOCHTCJILHO OTPAHUMCHHOW BBIMYKJIOH 00JACTH M3MEHEHMS MPOU3BOAHON BTOPOTO IOPSAKA BIH-
CAHHBIN M OMMCAHHBIN 3JITHIICH, HAMIYYIIAM 00pa30M OXBATHIBAIOMINC TPAHUILY 3TOH 007ACTH, MOCTPOCHBL. TakuM
00pa3oM, IBYCTOPOHHSASA OICHKA HOPMBI MPOHU3BOAHON OTPAHHYICHHON KOMILICKCHO3HAYHON (DYHKIHH C BBIMYKITOH
00JIaCTHI0 M3MEHEHHS MTPOM3BOIHON BTOPOTO MOPSIIKA BEIPAYKCHA Yepe3 HOPMY caMOi (DYHKITHH U Pa3MEpPbI 3ILTHUII-
COB, OXBaTHIBAFOIIUX TPAHUILY BBHIIYKIOH OOIACTH.
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BCel YHCJIOBOU HpﬂMOfI R KOMITJICKCHO3HAa4- O01aCcTBIO HU3MEHEHUS KOMILUIEKCHO-

Hex  nuddepenupyembix Gyuxuuit f(f) ¢ snaunoit pynxuun f(¢) SBIAETCS LEHTpAb-

abCONMIOTHO ~ HEMPEPbIBHOM  TPOM3BOAHOM .= kpyr |f|<K pammyca K. OGnactsio

f (¢) Ha mobom oTpeske u3 R u CyllecTBeH- .
HU3MEHCHUA TPOU3BOAHOU BTOPOTO NOpsAOKa

HO OrPaHUYE€HHON MPOU3BOAHON BTOPOrO MO- —»
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BBITIYKJIOE MHOKECTBO (), copeprkaliee Hava- Bsenem B paccMmoTpenue cruiaiinel bep-
JIO KOOPJUHAT. HYJUTH

s (=a(b_(ct—d)—b_(ct+d), b(t)= Z cos(kt —rm/2)

kr+l >
k=1

(1)

(a,c,d — cnenmaneHo momobpaHHEle mapa- TEIbHOH  mupdepenuupyemoit  pyHkumn ¢
HECUMMCTPHUYHBIMU OrpaHUYCHUAMU Ha IIpPO-

U3BOJHYIO BTOpOro mnopsaka. Paccmorpum
TaK)Ke COBEpLIEHHbIE CIUIaliHbI Jilnepa,

METpPbl TIOJ 3aJaHHbIC OTPAHUYEHUs (PYHK-
LIUH), KOTOPBIE B Clydae # = 2 ObUIM UCIOJb-
30BaHbl B [S5] A mokasaTenbCTBa TOYHOTO
HEPaBEHCTBA MEXKAY MPOU3BOIHBIMH JACHCTBU-

Q0

1 4 osin((k + )t —7r/2)
1)=— I8 ll ° v = b 2
o) =21, 1,0 ﬂ;:o: or )

(! — cmeunanbHO nOmOOpaHHBIN mapameTp POM3BOAHBIMU AEHCTBUTENBHOH anpdepeH-
TOJ 3a/[aHHBIEe OTPaHMYEHHs (YHKIMH), Mpu- UMPYEMOH (QYHKIMH C CHMMETPUYHBIMU OTpa-
MEHEHHBIE B [3] mpu moKa3aTenbCTBE TeOpeMbl ~HUYECHHMAMH HAa IPOU3BOAHYHO /-TO IOPAIKA.
CPaBHEHHs M TOYHOTO HEPABEHCTBA MEXAy ~ICHO, YTO MapaboJM4ecKue CrutakiHbl Jiiepa

1 4 Ssin(2k +1)1
1) =— fr(l1) H=—)» —— 3
o0 =g U0, L0 =730 ®)
SABJIAOTCS YaCTHBIM cnyqaeM HpI/IBeL[eHHbIX
BbILIE CIUIaiiHOB bepHymmn
o0
cos(kt =37 /2)
sy =albs(ct —d) ~by(ct +d), by(r)=» "2 4)
k=1 k
l'IpI/II” :2. HeKOTOpOFO BbIl'IYK.]'IOFO MHOQOKECTBA KOM-

Jlns mosydeHus! IBYCTOPOHHEH OLIEHKM IUIEKCHOW IUIOCKOCTH HaM IOHAJoOWTCS ai-
HOpPMBI TIPOM3BOOHOH OrpaHMYEHHOH KOM- reOpandeckas ¢opma CrulaitHOB Diijepa BTO-
TUIEKCHO3HAYHOW (PYyHKIIMH C OONACTBIO U3Me-  POro MOpsIIKa:

HEHUs TIPOU3BOJHON BTOPOTO MOpsiKa B BUE

l2
—-K,, [-7/2,7/2)
S0 = ()2 ) (5)
U=k ri2.3702)
2 rae d — ero OoJiblnasi MoJyoch, a C — PaccTo-

T
re K = e KoHcTaHTa Pasapa. SITHHE OT Hadaja KoopauHat A0 ¢okyca. Ilycts

PaccMOTPHM SIUTHIIC npsimasi vV =Kk POXOAUT HYepe3 HA4YaIO KO-
OpPIMHAT W TOYKH W, W, Ha ITOM DIUIHIICE

(a2 —cz)(u +C)2 +atv? :Clz(a2 _02) ) (cm. puc. 1).
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ScHo, 4TO 00NACTBIO U3MEHEHUSI MPOU3-

BOJHOH BTOPOTO nopsiaka GyHKIUU
o) =p(1)-¢'®, (5 =arcig k)

Oyner oTpe3ok [®,, w,] (TouHEe, camu Tpa-
HUIIbI TOTO OTPE3KA).

B [2] OGbuto mokazaHo, 4TO MpH JIFOOOM
k (unu &) cpaBemIMBO PaBEHCTRO:

|+

=2a .
[

OTO O03HAYAET, 4YTO HE3aBUCHMO OT
HAKJIOHAa TPSIMOM V = ki JieBast 4acTh 3TOrO
PaBEHCTBA COXPaHSET MOCTOSHHOE 3HAYEHUE,
paBHOe nuamertpy suurnca. CienoBaTenbHO, B
KadecTBe (YHKIHA CPAaBHEHUS IS TTOJTYIESHUS
OLICHOK HOPM TNPOM3BOAHBIX (PYHKIUI 3amaH-
HOT'O KJIacCa MOKHO HCIIOJIb30BaTh CIUIAMHBI
bepnynnu, xorna orpesok [ @, @, | coBnagaer
C IMaMETPOM BJUINIICA, WU CIUTAMHBI JUJepa,

KOIJIa 3TOT OTPE30K JIEKHMT Ha MHUMOM OCH
Ov (cm. puc. 1).
PaccMmoTpuM 1Ba SyUnca

E:(u Jrcl)z/al2 +v? /(al2 —clz) =1,

Ey: (u +Cz)2/6122 +v? /(6[22 —czz) =1,

rae d, — Oombluas MoJyock ammmnca £, ¢ —
paccTosiHie OT Hadaja KOOpAUHAT 10 (oKyca
3TOrO AJIHICA, @ d) — OOJNbIIasi MOAYOCh -

qunca £, , €, — paccTOsiHHE OT Ha4yaja Koop-
auHat 10 okyca storo smtunca. byaem cuu-
TaTh, YTO 3JuMNC £F; HawiaydmuMm oOpasoM
BIIUCAH B 33/JaHHYIO BBINYKJIYIO obnmacte
1o dp —»max,

(Hammpumep, KPUTEPUIO

¢ —>min), a smne E, santydmum obpa-

30M ommcaH BOKpyr obmactu (2 (Hampumep,
10 KpUTEPHIO d] —> MiN | ¢; — max).
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HeoOxogumMo OLEHUTL HOPMY MPOU3- —2
My 1 byukimu  f(H)) W u ee mnpoOM3BOIHOIM

BomHOU 1 SH f H£L2 IpU 3a0aHHBIX OIpa-

1.
HIYEHUAX Ha O00JacTH H3MEHeHHs CaMoi PaccmoTpuM (yHKIHH
/2
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n
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—\g\%ug [t2/2,305/2)
rne Oymyt otpesku [n1,7m2] n [&. &, ] cooTser-
2K CTBEHHO.
‘5‘:‘51‘:‘527 =277 —2
‘5‘ Teopema. ITycts f €W TtakoBa, 4to
B cootserctBuu ¢ pucynkom 1 o0Oa- _odl=loal = & "N e
CThIO M3MEeHeHus PyHKLuit I H%H H%H S (e
P Torna
i in/2
e() =@ (1)- €77 u (1) =, (1) -e
o SSI;pr < le. |- ®)
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'([) [ ‘77 1, [-11/2,71/2)
pi\l) = , 9
[— nlt—71),  [r1/2,37,/2) ©)
(p' ([)— ‘5 1, [—T2/2, T2/2) (10)
2 = .
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OTtcrona

loll=0Ch=hl5 ol =e =l

Ioncrasnsist T,u 7, u3 (6) u (7) B (8),
NPUXOINM K CIEIYIOLTUM BBIPAKEHHSIM:
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N3 ypaBHEHMI ONMCAHHOTO M BIMCAHHO-  Pa)KeHHS] MOIYJIeH KOMILIEKCHBIX YuCeN 17, &
ro S5JUIMIICOB E2 N E1 HECTPYAHO IIOJIyHHTb BBI-  yepe3 pa3sMephbl ITUX DJIJIMIICOB:

2 2 2 2
a —4 _%h 5
=== kel = - (12)
al 6[2
Takum oOpaszoMm, HepaBeHCTBO (8) B Ecnu Beimyknast o61acTh SBISETCS KPy-
NpUBEIEHHON BbIe Teopeme ¢ yuetoM (11) 1 rom pamuyca d, TO IPUXOAUM K H3BECTHOMY
(12) MOXHO yTOYHHTH TaK: HepaBeHCTBY Anamapa [4]:
2 2 2 2 '
a’ —c ! as —c H HS 2Ka.
2KAZG cqupf|< B =
a, ! a2
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EVALUATING THE NORM OF THE COMPLEX-VALUED FUNCTION DERIVATIVE
WITH THE CONVEX DOMAIN OF VARIATION OF THE SECOND ORDER DERIVATIVE

Abstract. Many results related to the so-called comparison theorems and inequalities for derivatives in dif-
ferent classes of differentiable functions have been obtained in the theory of approximation of functions. In what
follows we consider the class of differentiable functions with an absolutely continuous derivative on any straight-
line segment and essentially restricted by a derivative of higher order. Our work [1] presented the evaluation of the
actual performance of differentiable functions with asymmetrical restrictions on the second derivative. In paper [2]
we provided the results extended to the class of complex-valued differentiable functions with asymmetric re-
strictions on the second derivative. We considered a case when the domain of variation of the second-order deriva-
tive was an ellipse with one of the focuses at the origin of coordinates. It is worth noting that the problem of evaluat-
ing the performance of real or complex-valued functions is related to the problem of estimating the norms of deriva-
tives of such functions. It turned out that in this case the norm of the derivative restricted in the norm of complex-
valued functions can be evaluated using Bernoulli splines applied in [5], or Euler splines [3]. Here we have received
a bilateral evaluation of the derivative norm of a complex-valued differentiable function with asymmetric re-
strictions on the second-order derivative, namely, we have considered a case when the domain of variation of sec-
ond-order derivative is a convex set of a complex plane. If we fit a certain ellipse with one of the focuses at the
origin of coordinates in this set and describe another ellipse around this set, it is possible to obtain a two-sided eval-
uation of the norm of the restricted complex-valued function derivative. This raises a problem of finding ellipses that
best encompass the boundary of the given convex set. To get the best inscribed ellipse we can use the maximization
of the major semiaxis and the minimization of the distance from the origin of coordinates to the focus as a criterion.
To get the best circumscribed ellipse we can use the minimization of the major semiaxis and the maximization of the
distance from the origin of coordinates to the focus as a criterion. This problem solved, we will be able to minimize
the difference between the upper and lower estimate of the derivative norm. Here we have obtained a bilateral eval-
uation of the derivative norm of the restricted complex-valued function under the assumption that inscribed and cir-
cumscribed ellipses that best encompass the boundary of the arca were built as regard to a restricted convex domain
of variation of the second-order derivative. Thus, bilateral evaluation of the derivative norm of restricted complex-
valued functions with a convex domain of variation of the second-order derivative is expressed through the norm of
the function and size of the ¢llipses covering the boundary of a convex domain.

Key words: the Euler splines; comparison theorems; evaluation of derivative norms.
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(DPAKTAJIBHlllfI AHAJIN3 U PEHTEHUE 3AJTAY JIJIA BBIABJIEHUA
OCOBEHHOCTEHU BPEMEHHBIX PAOB ITPU TUAT'HOCTUKE CUCTEM

AnHotamust. Mcrionp3oBaHue (PpaKkTAIBHOTO aHANIN3A HEOOXOJMMO IPH PEINCHHUH 331a4 JHATHOCTHKH CH-
CTEM, CBSI3aHHBIX C H3MCHCHISIMH ITAPAMETPOB B TCUCHUE BPEMCHH, T.C. HA BPEMEHHBIX paaax. CeromHs HET HU O11-
HOHM OTPAciIi SKOHOMHUKH, T/I¢ HE MCIONb3YETCS AITOPUTMBIL, OCHOBAHHbIC HA TCOPUH (DPAaKTAIBHOTO aHamM3a. JlaH-
HOH TEOPHH JOJTOC BPEMsI HE MPHIABAIOCH COOTBETCTBYIOMETO 3HAUYCHMI. KOH(IMKT MEKAy CHMMETpHEH E€BKIH-
JIOBOI TEOMETPUH W ACHMMETPHEH PEATbHOTO MHPA MOKET OBITh NMPOJJICH O HAIIETO MOHATHSI BPEMEHH. Tpauiu-
OHHO COOBITHSI PACCMATPHUBAIOTCS THOO0 KaK CIy4aHHbIe, THO0 KaK JCTCPMUHHPOBAaHHbIC. Bo (pakTambHOM BpeMeHH
CIIyJaHHOCTh M JCTEPMUHH3M, Xa0C M MOPSIOK COCYIECTBYIOT. JTO MOAXOANT U JJISI €CTECTBEHHBIX CHCTEM, KOTO-
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